I. INTRODUCTION
The aim of this paper, is to study, in a rather gênerai setting, the convergence properties of approximations, by finite éléments, of saddle-point problems related to the minimization of convex functionals under a linear constraint. Applications are, of course, mixed finite éléments methods and hybrid methods, but the results given hère are mainly adapted to the case of mixed methods.
The problem we consider has already been treated in Brezzi [1] and BrezziRaviart [2] , among others. The case we consider is slightly more gênerai in a sensé to be precised later. However the main resuit will be to give sufficient (and in some cases necessary) conditions to verify the abstract "stability" condition of [1] . These new conditions can, in many cases, be quite easily verified, thus simplifying, in a considérable way, convergence proofs. Although it would be too long to present a full account of the previous works on the subject, the ready may refer, apart from the above cited papers, to Oden [6] [7] , and Johnson [5] for a more complete view of the problem.
The exposition will proceed as follows. In No. 2, we study the abstract continuous problem and give an existence and uniqueness theorem. In No. 3 we recall the gênerai abstract condition of [1] for the convergence of approximations. In No. 4, we present a few lemmas characterizing the Kernels and Images of some operators appearing in the problem and we use these results to give practical convergence conditions. Finally in No. 5, we give some examples of application of these results. 
M. FORTIN

THE GENERAL PROBLEM
Let V and W be two reai Hubert spaces whose norms and scalar products are respectively denoted |.| K , (., .) v , \.\ w and (., .) w .
We give on Vx V a continuous, symmetrical, bilinear form a (w, v) and on Vx W a continuous bilinear form b (v, cp). Continuity of b implies that there exist a constant, denoted || b ||, such that,
In the same way, the norm of a as a bilinear form onFxF will be denoted || a\\ v . Let f G V' and g e W 1 be given, The brackets <., .> will dénote duality between both V' and V and PF' and W, no ambiguity being possible. We consider the functional, on VxW,
2)
and we want to find a pair (w, À,
This is, of course, equivalent to solving, the linearly constrained, quadratic problem,
The saddle-point (w, À) is then also solution of the System, According to the Lax-Milgram theorem, we have for the existence of u 0 (and then of u = u Q +v g ) the classical coerciveness condition:
(2.15)
This condition implies the existence of a unique solution u to (2.4)-(2.5) i. e. to the primai problem.
To prove the existence of a saddie-point, we must show the existence of a Lagrange multiplier for the linear constraint (2.11).
Before doing so, we recall, some facts about the properties of B and B*. with the topology induced by F and W respectively. We novv consider a discrete saddle-point problem,
Vcp.e W h9 (3.2) which is characterized by the optimality conditions, (3.6) where P w^ is the projection operator from W' to W^. Let g A = P w > (g) (that is < gh> <PA > h = < ^ 9/1 >> V cp ft WK A ). Then (3.4) can be written as (3.7) and a necessary condition for existence is of course:
Under a proper coerciveness condition, for instance:
Proposition 2.1, implies the existence of a discrete saddle-point (w ftî X h )> for in this finite dimensional case, Im B h is always closed. We wouîd then want to know if (u h , X h ) is an approximation to (w, X). In order to solve this problem, we first present abstracts results, extending to the case where B is not surjective, the results of Brezzi [1] .
It is clear Lemma 2,1 is still valid, and even trivial in finite dimensional spaces. However, the various constants C, and h generally depend on h. Convergence proofs will rely heavily on the following définition. DÉFINITION We shall try in the following section to give equivalent or sufficient conditions for the answers to be positive.
EQUIVALENT FORMS FOR CONVERGENCE CONDITIONS
When trying to apply the abstract results of No. 3 to a précise case, the main problem lies in the vérification of the continuous lifting property or the condition on Kernels (3.16). We shall first give some algebraic lemmas that will clarify the relations between the ranges and kernels of B and B h . As may be expected, the continuous lifting property will then be splitted in a consistency and a stability condition and we shall give sufficient conditions for the stability to hold. We restrict ourseives, to simplify the proofs to the case where W and W h are identified to their dual spaces. We first have. Let then (p fc eKer^ c Ker^* be given, and take cp^, = 9 A in (4.4), we obtain, (%, P^h(5 W )) = (9 fts Bu) = (B*9,, u) = 0.
• (4.6) 
SOME EXAMPLES OF APPLICATIONS
The main resuit of this paper is that the abstract convergence condition of Brezzi [1] , may be checked through the construction of an operator Tl h satisfying (4.15). We want to give rapidiy hère two examples where this operator may be explicitly built. Let us also refer to Brezzi-Raviart [2] , where to our suggestion, Proposition 4.1 has been used to prove the convergence of the Hermann-Johnson's scheme for the biharmonic problem. Our first example treats of the approximation of Stokes' creeping flow problem in fluid mechanics and the second one to the approximation of Dirichlet's problem by mixed fini te éléments. Finally we give an example of a case where Ker B% <£ Ker B*. 
Let us note that B is not surjective and that Ker i?* is formed by constants. Let us consider an approximation of HQ (Q) by quadratic conforming finite éléments. The domain is triangulated and on each triangle, a function of V h is defined by twelve degrees of freedom, which are the values of u x and u 2 at the vertices and at the midpoint a i d i 2 a 2 of the sides. (Fig. 5.1 ).
_. These nodes are numbered as on the Figure. We norm consider, as in Fortin [4] , and Crouzeix-Raviart [3] , an approximation W h of L 2 (Q) by functions which are piecewise constants on the triangles. The operator B h then associâtes to v h G V h its average divergence on each triangle.
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Given u e V, it would be natural to defire u h = TI ft w, taking, 
I-f
Jn However this définition is not possible as the functions of V are not smooth enough to define a point value u (a t ).
Crouzeix and Raviart have shown that it is possible to build 11^ in an indirect way, first taking, (n \ ..
UCLP condition is then proved in [3] , for a sHghtly more gênerai case. By Lemma 4.1, this proves that Ker B* -Ker 5* and is therefore formed of constant functions.
• Example 5.2: Raviart and Thomas [8] , introducé a mixed approximation for Dirichlet's problem in R 2 , using the following functions spaces We now define: We go back to the problem of Example 5.1 but we now consider bilinear finite éléments on a rectangular mesh, the degrees of freedom are the values of u ± and u 2 at the vertices.
It is then classical to get in this way an approximation
We then consider W h formed by piecewise constants on the rectangle. The operator B h still associâtes to u h its average divergence on each rectangle. It is an easy task to verify that in this case, the Kernel of the discrete gradient is generated by two piecewise constant functions, Figure 5 .2. taking two different values on a chess-board like pattern (Fig. 5.3 ).
We have a very simple case where Ker B* <£ Ker B*. The convergence of this approximation has been checked experimentally, but the proof seems to be an open question. The same is true of some approximations used by engineers using conforming éléments for both the velocity and the pressure.
• Figure 5 .3.
CONCLUSION
We have shown that in some circumstances, convergence proofs for the approximations of saddle-point problem may be obtained throügh building an operator II^ which in many practical cases turns out to be an "interpolation" operator, in a more or less generalized sense. This facthas been useful to get proofs in the biharmonic problem [2] and for the second-order elliptic problems [8] . The result developed here was in fact implicit in [3] and [4] where convergence proof for the approximation of Stokes problem were studied. Example 5.3 shows that very simple cases are still out of reach of the present theory. The author is thankful to P.A. Raviart and F. Brezzi for helpful discussions and suggestions.
